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Abstract In multvariate statstical analyses mtact specmens are essentially required In odder to
help researchers avwoid having to d scard m any defective Dssil specim ens or greatly reduce the num ber of
variab ks in heir analyses we developed a method based on the theory of linear regresson for recove-
ringm issing data for defective fossil specmens Using thismethod m ksing value of m easuranents can
be predicted based on other intact or defective equ valent specmens Num erical tests have been carried
out on the head and lmb bones of extant Equus The results show that ourmethod which is rehtively
insensitive to the quantity presewvatonal quality and type of avaibble specimens has satsfactory sta-
bility. The pred ctive accuracy is best for laige specim ens orm easiran ents of hrgemagniude Furher-
morg ourmethod is distinct fran trad itbnal Inear regression m ethods n utilizing linear correlatons be-
ween pecmens mather han between variables sice the correhtions are usually stionger i the case of
the fomer procedure Ourmethod is sinp le in theoty and practice and shoul be broad ly app licab k to
statistical analyses of fossil specmens particularly ifmultivariate
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1 Introducton

Paleontologists always hope to obtain as far as possble mntact fossil specin ens which
could provide ntegrated and abundant nbmation. H owever miact fossil specimens are very
rare Collected specinens are alvays defectve n many ways or sinificantly defomed by the
pressure exerted by overlying strata These defects or deform atons of specin ens cause the loss
of useful infomaton Nowadays multvariate statistical analyses have been w dely used n pal
eonlological research, and n such analyses plenty of ntact specin ens were essentially required
(Bignon et al, 2005 E iserm ann and Baylag 2000 Eisenmann and Turbi 1978). There
foremany defective and debbmed fossil specmenshad to be elin nated fron multivar ate statis
tical analyses (Eisenmann, 1986), oralternatively the number of varables used had to be re-
duced causng the loss of useful infom aton

Previously many appwaches to estim ating m issing characteristics have been developed
based on the theory of lnear regressbn such as methods for estinating stature fum ( even frag-
mented) long bones ( Badkur and Nath 199Q Fom icola and Franceschi 1996 Hasegawa et
al, 2009) or estimating age fran the pubic symphysis (Lu etal, 1988). Regressbn equa-
tbns or ratios w ere often proposed to predict single ob jectvem issing data ponts n these w orks
(Lu etal, 1988 Badkur and Nah 1990 Feleman etal, 1990 Fom icok and Frances
chj 1996 Hasegawa et al, 2009). A lthough mature n theory and practice these trad itional
methods are notvery suitable for our circumstances In our statistical analyses fossil specin ens
are alvays available n small quantities and defective nmu ltiple respects These canplex m iss
ng data are hard to estinale usig one or even several regression equations Thereforg a new
approach is needed to solve this problem.

In this paper we presented a new method of linear regressbn to recover the canp lex m iss
ng value ofmeasuren ents of specmens that are defectve inmultp le respects In ourmethod
Inear correlatons of specmens rather than variab les were utilized to predict he m Bshg data
usng as many additional intact or defectve hanogeneous specmens as possible Num erical
tests ndicate that this method is smple and practical with adequate stability. A lthough the
method could not actually replace missng infomatbn it should prove widely applicable to
statistical analyses of fossil specinens particularly multivariate ones

2 Specmens and measuranents

All the raw data aremeasurements of head and Imb bones of Equus be bnging to the collec-
tons n the M uséum National dH istoire Naturelle (MNHN ), Paris France The bones nchde
21 skulls and 21 mandibles ofEquus burchelli, aswell as 12metacarpi Ill and 12 anterbrphalan-
ges | ofE quus han onus Sexes were not distingu ished in this work because modem equils are
constered to have weak sexual dmorphisn Al the specmens represent adults with M3 /m3
empted n skulls/mandbles and epiphyses canp letely fused n long bones 31 measurements of
skulls 14 ofmandbles 15 ofmetacarpi II] and 13 of anterbr phalanges [were taken ( Eisen-
mann et al, 1988).

3 The theoreticalmodel

Theman assunpton of hework is that themain difference anong the han ogeneous spect
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mens ism erely size D ifferences n shape are considered to be so snall thatwe can neglect
them. Thus ienticalmeasuran ents of nd vidual specinens n one sort are proportional Sup-
pose there are o intact hanogeneous specimens S; and S, with the sane k measurements
having been taken for each specmen The valies of the m easurements are designated m;;.
Here the first subserpt (7 = 1 2) dentifies a particular specinen and the second subscrpt (j
= 1...k) identifies a particularm easuren ent If the measuranents ofS, (m ;) are treated cot
lectiely as an independent variab b and the m easurements ofS, (m» ;) as a dependent variab k
the resu lting pontsP; (my;, my;), j= 1..-k shoul fall close to a regression lne( cf Fig 1).

If a certan measurement of S, ismissng saym,, ¢€ (1.--k), wewill use otherm ea
suraments (my, my, j = l.o.k j7Z q) to fit the regressbn line usng the kast squaresmethod
and predictm,, bym, Suppose the regression line satisfies follw ing equaton

y=ax+ b (1)

A ccodng to the least squares method the fitted param eters are as folbws

(k—] memz]— Zml,/ Zm2/

=17z j=1j7q j=17%q

a= ; (2)

(k-1 me —[ mej

RYal j=1j#q

k k
a
ﬁ] LZquz,-—[—Ik_ FLZMmL,- (3)

Accodngly we can prdict the valie of my, accordng toEqs 1-3 ie myy=a Xm;,+ &

In the steps above it is notnecessary hatallm,; m,; j= 1 .., k jZ g areknown,
butm, is needed in order to calculatem,, Furthemore theoretically at kast o measure
ments j= L ...k jZ ¢ my; my; for wo different values ofj mustbe available for both
specinens O thew ise the paranetera n Eq 2 will be equal to Q and itw ill not be possible to
canpute a regression line A ssum ng a regression Ine can be calculated (we alvaysmade ths
assumptobn n present work), an arbitrary set ofm 1ssmgmeasurementsm

2gb M24g2 oo M2y
can be predicted as outlned above providedm | g, m g2, -+ My 4 é k— 2 are known.
Smultaneousl, forS,, te arbitrarymisshgmeasurﬂnentsqu., My g2 o5 Mg, 1 <tk
— 2 can be predicted fum m, 4, m2 g, -+, my 4 if the latter are known
In the case mentbned above onl wo sanples are considered In fact more than wo
specinens are canmonly available For exanple supposewe haveS, .., S,, a total ofn spe-
cinens In order to predict anym issihg measuramentm, , pE (1 -y n) ¢€ (1 -5 k), the
otherr specmensS,, .-, S, 1 <r<n-1 anong then specmens for which measurements

mi, i= 1 .., 5 iZp are known can each be used as the basis for a separate linear regres
son Thus r pairsof paraneters (@ b); can be obtained usingr specmens The optmnum pre-
diction of (@, b) is theweighted mean of all (a b); as folbws

(ab) = Z (a b)) (4)

where ¢; =

(3)

Here L;= max(m;;) -min(m,;), i= 1 -5 j= 1.3k iZp jZ ¢ Note thatm,;
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can be any measurementof specinen S;, whileD,; is he number of m easurements avaibble for
specinen S;, exceptm;, Theseweihts ¢ are desgned mathematically to reflect the fact that a
larger regression region ( the difference beween the snallest and lagest values) and a lager
nunber of regressbn ponts can give more reliab k resu lts

4 Results and discussbn

4 1 Validation of the theoreticalmodel

In order to verify the theoreticalmode] we fist selected wo randan mntact skulls of £ quus
burchelli (S; and S;), taking 31 measuran ents n each case The measuraments of S, were
treated as an independent variable and those ofS, as a dependent variable and the fitted pa-
ram eters and regression Ine coul be resulied accordng to Eqs 1- 3 (Fig 1), which yielded a

= 109 b= -3 8L The lnearity is excellenf with a coefficient of detem naton (rz)

of 0. 9920
500 Then we elm nated each measurement
Measured my; j= L -y 31 ofS; n wm and at

Regressed line
y=109x-3.81

'
(=3
(=}

tanpted to predict its vabie The dstribu-
tbn of he absolute values of the relative er-

rors assoclated with all 31 m easurem entsw as

plotied in F iz 2 The result shows thatmost

relative errors have absolite values of less

han 100, wih only 4 erors (12 %% of

31 measuranents) exceeding his level The

result ndicates hat even a single ntact

specimen can giwe relatively good predic-
tons branother defective specinen

Next we consdered 21 intact skulls of

Fig 1 Lear correlaton betw een m easurem ents of Equus burchelli eln nated 100 of the

. wo skulk. of E quus burchelli measuranents thatis 65m;; i= 1 ..
The horzontal and vertical axes arem easuran entsm, ; 21 j= 1 - 3L and predict than smul‘

taneously. M easurenentswere randam  se-
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andm, , j=1 ..., 31 of specmens S, and S, respectively

lected for removal by a custan-desined
M atlab 70 program, although the program
was reun in the very rare cases when the
measuraments it designated for ramovalw ere
concentrated in too fev specmens or the .
reman ng m easurem ents were nsuffic ent to
produce all of he regression lines The dis
trbution of the relatve erors for a typical
set of 65 predictions is shown n Fig 3 The
resu lt shows that the relative ernors confom
to a bellshaped distrbution with the peak 0.0
valie near to 0 Ths observed distrbutbn 0.00 002 004 006 008  0.10>0.10
can be fitted to a G aussian distrbution w ith Absolute value of relative error

the Dllow ng paraneters mean valhe B = ) S
Q 0071 and standard deviation 6 = Q 045 Fig 2 The diswibutbn ( bars) of absolute values of

Thi I ind icat that hod i relative erors which canes fran the predictions of
is result ndicates that our method is

practicable The fact thatH is cbse t0 0 in-
dicates that the erors are anall The low
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valie of 0, whith mplies that 68. 2P0 ofall calculated error values are situated in the nterval
[- 0, 0], shows that the method’ s predictions are stable In the follow ng sectbn, we used
the o paraneters B and 0 to test he accuracy of the predictions

Gaussian distribution

4 2 Stability of them ethod

In the results above we verified that
ourm ethod is practicable W e would then
testw hether the method could give relative-
ly stable predictions n each of 10 different
cases (Table 1). In each case we carred
out 10 tests independently ( except case
see Table 1) and use ther indivilual m eans

0.12 1

0.08 4

0.04 4

Occurrence frequency

and standard devatons to create an average

mean (M), and average standard devia- 0.00 -
ton €0). Fistl, the percentage ofmeas =010 -0.05 000 005 010 0.5
urementsm;; of 21 skulls ofE quus burchelli Value of relative error

removed fum  the analysis varies fran 1% Fig 3 The distributbn ( baws) of elative errors of pre

to 20%, tesultng (M) values varyng  ditions w hen sin ultaneously removing 65 m easurem ents

fran @ 0007 to @ 0053 and €0 ) values va= m,, i= 1., 2L j= 1 ., 3L of2l skulls ofEquus
rying fran Q 060 to O 068 (Table L cases burchelli at one tine

1-4). (H) is very close to O when only Line shovs the Gaussian fit of the distribution which has
1% of the m easurementsm;; are removed the folbw ng paraneters H= 0 0071 and 0 = 0 045
(case 1). Even when the percentage of re-

moved data is higher ( cases 2— 4), (M) is also close to Q and its magniude is relatiwely sta-
ble Furthemore the (0) valies are very cbse one anoher in all 4 cases These resulis nd
cate that ourm ethod & stable when vary ng proportons of m easured data werem issing

Table1 Results of independent nun erical tests in different cases

C T S B M P (%) N My (1077 (o) (107%)
1 10 E burchelli Skull 31 1 21 0% 6 03
2 10 E burchelli Skull 31 5 21 45 6 75
3 10 E burchelli Skull 31 10 21 I 6 68
4 10 E burchelli Skull 31 20 21 3R 6 81
5 10 E burchelli Skull 31 5 13 6 &6 6 31
6 10 E burchelli Skull 31 5 6 06 528
7 31 E. burchelli Skull 31 1 2 - 1370 —
8 10 E burchelli Mandble 14 5 21 -44 6 25
9 10 E hemionus MCII 15 5 12 - 16 % 6 70
10 10 E hemionus AP 13 5 12 16 45 10 81

Abbreviations C. cas¢ T. mmberof ndependent tests S species B. type of bong M. measurenents P. proporton
of ramoved data N. number of specinens (H). average ofmeans {0). avemge of sandard deviatons MCIII m etacarpal
Il API anterior phalange I

Secondly we set he specinen size of skull of E quus burchelli at valies of 2, 13 to 7
while keeping the percentage of ranoved data fixed at %%, which respectively resulted n (K}
valies 0fQ 0046 Q 0067 and 0. 0061 and {0 ) valies of Q 067, Q 063 and Q 053 (Table 1,
cases 2 5 and 6). Both (M) and 0 ) are relatively anall and consistent n magniude across
all 3 cases Furhemore even if only 2 specimens reman our methods coul still lead to a
low <H) value of — 0. 0137 provided that only 1% of the data ( a single datum) was ranoved
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(Table 1, case7). Therefore ourmethod is stable across a range of specimen sizes

Thirdly we used 21 m andibles (14 m easurem ents) ofE quus burchell; aswell as 12m eta-
carpi IIT ( 15 measuran ents) and 12 anteror phalanges I ( 13 m easurements) ofE quus han ion-
us to test whether or not ourmethod could be applied to other specmens W e fixed the per-
centage of reamoved data at o (Table 1, cases 8— 10). Formandbles of E quus burchelly
(L) = Q0044 and €0)= Q 063 valies close to those obtained using skulls ofE quus burch-
elli. As aresuli themethod is clearly applicable to mandbles of Equus For 12 m etacarpi 11
of Equus hen ionus, 0)= Q 067 a value close to that obtained fran skulls of Equus burch-
elli However (M) = — Q 0162 close to O but larger than the result for the skulls The rea
sonm ay be that all of themeasuraments Or the metacarpj apart fum m,, andm;
1988). a given
absolite error w ill represent a larger re lative error than w ill be obtaned if he true value are lar-
ger For 12 anterior phalanges I of E quus henionus both () (Q 0165) and {0 ) (Q 108)
are substantially larger than those ob tained for skulls ofE quus burchellt M ostm easurem ents are

are radial

and therefore of sm allmagniude (E senmann et al For a small true valug

agan radial in the case of the phalanges and furthemore the largestm easurament is far less
than in either the skulls or hem andibles This results in a very an all regressbn region which
will tend to give worse regressbn resulis Thus for skulls and m andibles ourmethod can give
better predictions than are possble Hrm etapodials and phalanges The lager the bones the
more accurate the predictions that can be obtained although the predictions even Hr small

bones were lkely to be acceptable n many cases

4 3 Predictions for differentm easurements

Above we discussed the stability of our method across different cases In addition, we
wished to consider how the method perfom s formeasurements of different magnitudes w ithin a
hanogeneous collectbn of specimens We used the sane 21 skulls of Equus burchelli to carty
out the necessary numerical tests Firstly we calculated the average value of each m easurem ent
across all 21 skulls ;% j = 1 .-, 3L and reodered these averaged measurements fran
anall to large as follovs m(y 2 -, @) ) --» 3y % Thenwe ranoved each measured
datum and predicted it n wm Note thatonly 1 datum was ranoved at a tme and all the data
known for all the specmen were predicted one by one For each measured datm m; ;, we

i= 1 ..,

obtained a relative erore; (),

Q e

TE g 1 21 j= 1 .., 31 Then we calculated the
2 g 0024 , m ean {e;, ) and standard deviation s;, of
s % .:‘. the eror associated with every ordered
< 000 AL TP . ¢ m easurement The resuls show that |
01542 {ej) 7| and s, are both strongly depend-

© g al ent on the average valie of the measure
_gé 0.10 ”s““A ment ¢n;, ) (Fig 4), noting that 1<e;, ) |
%E 0.05 1 Aa a4, R desgnates the absolute valie of (e, ).
0.00 1 ' ' ' _* The s, and |<{e; ? | decrease rapidly with

0 100 200 300 400 s00 increasing $m(; ), except that | (e ) |
Average value of measurements (mm) increases slightly over the o ponts at the
high end of the n ; ? distribution Since
Fig 4 1<, > | (upper panel) ands  (bwerpanel) vary larger | e/, > | and s;, vahies mply a

accord ing to them agn indes 0f 31 ordered m easuran ents

(m)d% j= 131

of 21 skulk of E quus burchelli

I<e,; Y| and s, respectiely represent he averaged abso

lute valie and standard deviation of the erms assoc nted

with predicting each ordered (j)” m easiran ent

worse prediction ourmethod perfomswell
when predicting m easurements w ith lamger
values butmay be less applicable when
predictng measurements with very anall
values
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4 4 Comparisons w ith traditional linear regression methods

L near regression methods have been widely used to predictm issing data for example
when usng long bones to predict nd vidual stature (Fom icola and Franceschj 1996 H asega-
wa et al, 2009). In a traditbnal analysis of this kind the predictons are typically based on
Inear relatbns anong variables (i e measuren ents) rather than nd ividual specin ens In the
works mentoned above large numbers of specimenswere used to establish smple ormultple
regression equations w ith which we could predict m issng data for defective fossil specinens
Herg traditionalmethods were app lied to 21 skulls of Equus burchelli for camparison w ih our
method For one thing Inear relationsh ps beween paired variables were tested by calculating
their correlation coeflcients A cwss 465 pairs of variab les ( representing all he possb le paired
cam b natbns of 31 m easurements), the mean correlation coefficient {r) is only Q 2046 and
sane pairs of varables are even negatively correlation The correlation coefficient exceeds Q 80
for only five pairs and in no case does the value exceed Q 90 A cross 210 pairs of specin ens
(representing the 210 possble paired canbinatbns 0f21 specimens), themean correlation co-
efficient {r> is Q 9968 and none of the ndivilual correlatbn coefficients is less than 0. 99
Therefore the lnear correlations betveen specin ens aremuch better than those betw een varia-
bles demonstratng that ourmethod is more reliabk than the traditionalm ethod

Furhemore five pairs of variables having correlaton coefficients greater than Q 8Q
nanely measuran ents 5 and 17, 6 and 24 7 and 9 18 and 19 and finally 19 and 24 ( details
seen E isenmann etal 1988), were selected for a furthernum ercal test of the trad itbnalm eth-
od For exanple ifwe wanted to predictm easurement 19 of the specmen MNHN 1909- 069
based on measurement24 we used measurement 19 ( ndependent variable) and 24 ( depend-
ent variable) of the other wenty specinens to estab lish a smple regression equation, ie y =
0 74 + 48 29 W e then substiuted measurement 24 of the specmen ( 186 mm), wto the
equation yieldngy = 183 42 as a predictbn of he true measurement 19 of the specin en
(180mm). The absolute value of the relatve error of he predicton is(Q 0031 By extension,
any measurement of any specimen could be predicted on the basis of other specinens and their

absolitem ean relative errors coul be calculated for canparison with values arisng fran our
methods as shown in Table 2

Table2 Canparisons of the twom ethods

Traditonal m ethod Ourmethod
’ I [{e> | (10 %) s (107 [{e)1 (107 %) s (10°%)
M19 M 24 0 45 272 0 16 32
M5 M 17 096 2 83 0 21 314
M18 M 19 137 312 0. 49 425
M7 M9 0 36 318 3,50 507
M6 M 24 0 63 214 4. 27 15

Abbreviations P measuranent o be predicted 1 ndependent variable (measuranent) for smplk lnear regression
[{e) | absolitemean rehtive error s stndard deviaton M19. measuranent 19, ete

A's dscussed above smaller 1<e} | and s valies inply a better predicton Thus accord-
ng toTabk 2 the traditonalm ethod can yield predictbns as good as those arisng from our
method for these particular 5 pairs of variabks Formeasurements 7 and § the predictions of
the traditbnalmethod are even better han those of ourmethod However these results only ap-
plied to pairs of variables with high Inear dependences and di not extend to variables with
low lnear dependences A muliple regressbn analysis was also carried out but the result & not
shown, sice the multple regression m ehod coul not produce enhanced predictbns Trad
tonalmethods can offer a fomuhk thatmakes he process of calculation very explicit but a
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laige num ber of specin ens is necessary and we have to be very careful n the choice of varia-
bles Moreover traditionalmethods are not very suitable for mu ltvariate statistical analyses in
pakontology, since there are alvays laige anounts ofm issing datawh ich must be predicted from
availab le specinens show ng different levels of dam age

5 Conclisions

In thiswork we devebped amethod whih is vely smpk in theory and practice for pre-
dicting m issng measuraments of mperfect specmens based on linear regression theory The
predictions of this method are not strongly dependent on he quantity or type of specmens avail
able oron their canpleteness A ccordingly, thism ehod displays satisfy ng stability and relia-
bilit. The accuracy of the predictions decreases when using snall bones or pred ictingm easure-
ments of particu lary smallmagniude so the method should be applied only w ith care n such
nstances In canparison to trad itionalmethods ourmethod is advantageous n that the linear
dependences beween specmens are much better than those beween variables and also more
suitable formultivariate statistical analyses of fossil specmens Fiall, the method has so far
been verified merely w ith respect to specimens of Equus lis applicability to aw der range of
fossilmaterial will need to be verified by further stud ks
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